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DUAL KINEMATIC FORMULAS

GAOYONG ZHANG

Dedicated to Professor De-lin Ren on the occasion of his 65th birthday

Abstract. We establish kinematic formulas for dual quermassintegrals of star
bodies and for chord power integrals of convex bodies by using dual mixed
volumes. These formulas are extensions of the fundamental kinematic formula
involving quermassintegrals to the cases of dual quermassintegrals and chord
power integrals. Applications to geometric probability are considered.

1. Introduction

Let K be a convex body in Rn. Denote by voli(K|ξ) the i-dimensional volume of
the projection of K onto an i-dimensional subspace ξ ⊂ Rn. The important geomet-
ric invariants related to the projection of convex bodies are the quermassintegrals
defined by

Wn−i(K) =
ωn

ωi

∫
ξ∈Gi,n

voli(K|ξ) dξ, 0 ≤ i ≤ n,

where the Grassmann manifold Gi,n is endowed with the normalized Haar measure,
and ωn is the volume of the unit ball Bn in Rn. The quermassintegrals are gener-
alizations of the surface area and the volume. Indeed, nW1(K) is the surface area
of K, and W0(K) is the volume of K.

The quermassintegrals arise in many areas of mathematics and have different
definitions. If K has a C2 boundary, they are the integrals of elementary symmetric
functions of the principal curvatures over the boundary. In the theory of mixed
volumes, the quermassintegrals are called simple mixed volumes. They are also
called projection measures, intrinsic volumes, etc. The reader should consult [San]
and [Sch] for the details.

Let G(n) be the group of rigid motions in Rn. The beautiful integral geometric
formula of convex bodies K and L states that∫

g∈G(n)

χ(K ∩ gL) dµ(g) =
1

ωn

n∑
i=0

(
n

i

)
Wi(K)Wn−i(L),(1.1)

where χ is the Euler characteristic and µ is the invariant measure of G(n) whose
restriction to the rotation group is the invariant probability measure and the re-
striction to the translation group is the Lebesgue measure. The formula (1.1) is
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called the fundamental kinematic formula (see [San], p. 267). For the history and
various generalizations of the fundamental kinematic formula to submanifolds in
homogeneous spaces, one should consult [H]. See [Sch] for generalizations to non-
smooth objects and more references. In this paper, we establish kinematic formulas
for other important geometric invariants instead of quermassintegrals. It is shown
that the dual quermassintegrals and the chord power integrals share the same kind
of formulas as the quermassintegrals.

The dual quermassintegrals of a star body K are defined by

W̃n−i(K) =
ωn

ωi

∫
ξ∈Gi,n

voli(K ∩ ξ) dξ, 0 ≤ i ≤ n.

While the quermassintegrals are connected with the projections of convex bodies,
the dual quermassintegrals are closely related to the cross sections of star bodies. It
is shown in [K] that they are the only rotation invariant continuous star valuations
with the corresponding homogeneity.

The dual quermassintegrals coincide with the dual simple mixed volumes. Dual
mixed volumes are the counterparts of mixed volumes. While the mixed volumes
date back to Minkowski in the last century, the dual mixed volumes were only re-
cently discovered. They play the roles in the study of cross-sections of convex bodies
as the mixed volumes do for the study of projections of convex bodies. However,
this duality is not at all trivial. One should read the book [G4] for an excellent il-
lustration. Dual mixed volumes are far from well understood. Their applications to
the characterizations of intersection bodies and the solution of the Busemann-Petty
problem are very recent developments. See [G1]–[G3], [L], and [Z1]. In this paper,
we use dual mixed volumes to establish kinematic formulas for dual quermassin-
tegrals. The following formula is the counterpart of the fundamental kinematic
formula for dual quermassintegrals.

Let K and L be star bodies with respect to the origin O in Rn. If Ng is the
line segment joining O and gO for g ∈ G(n), then there is the dual fundamental
kinematic formula∫

g∈G(n)

χ(K ∩ gL ∩Ng) dµ(g) =
1

ωn

n∑
i=0

(
n

i

)
W̃i(K)W̃n−i(L).(1.2)

Denote by AGk,n the affine Grassmann manifold of k-dimensional planes in Rn.
Let dξk be the normalized invariant measure of AGk,n whose restriction to the
Grassmann manifold Gk,n is the invariant probability measure. Let K be a convex
body in Rn, and let ξ1 be a random line intersecting K. Then vol1(K ∩ ξ1) is the
chord length of the intersection K ∩ ξ1. The chord power integrals of K are defined
by

Im(K) =
2αn−1

n

∫
ξ1∈AG1,n

vol1(K ∩ ξ1)mdξ1, 0 ≤ m < ∞,

where αn−1 is the surface area of the unit sphere Sn−1. The chord power integrals
are also generalizations of the surface area and the volume. They have the following
relation with the integrals of square of volumes of higher dimensional sections of
convex bodies:

Ik+1(K) =
2(k + 1)ωn

ωk

∫
ξk∈AGk,n

volk(K ∩ ξk)2dξk.
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They are also closely related to the dual quermassintegrals and integrals of power
of distance of points in convex bodies. We prove by (1.2) that the chord power
integrals satisfy the following kinematic formula.

Let x and y be random points in convex bodies K and L in Rn, respectively. If
Ng is the line segment joining x and gy for g ∈ G(n), then∫

x∈K,y∈L
g∈G(n)

χ(K ∩ gL ∩Ng) dµ(g)dxdy =
1

ωn

n∑
i=0

(
n

i

)
In−i+1(K)Ii+1(L)
(n− i + 1)(i + 1)

.(1.3)

We apply the formulas (1.1) and (1.3) to study a problem in geometric prob-
ability. Given two convex bodies in Rn which have nonempty intersection. One
is random, another is fixed. In general, the union of the two convex bodies is not
convex. How close is it to be convex? In precise terms, let K be a fixed convex body
and L be a random convex body in Rn satisfying K∩L 6= ∅. If x ∈ K and y ∈ L are
randomly chosen, what is the probability that the line segment joining x and y is
contained in the union K∪L? We show that this conditional probability attains its
maximum at balls when the volumes of the convex bodies are given. Computation
also shows that this probability approaches zero as the dimension becomes large.

2. Kinematic formulas of dual quermassintegrals

Let K be a star-shaped compact set with respect to the point z in Rn. The
radial function ρK is defined, for all u ∈ Sn−1 such that the line through z parallel
to u intersects K, by

ρK(z, u) = max{c : z + cu ∈ K}.
When z is the origin, we usually denote ρK(o, u) by ρK(u). By a star body we
mean a star-shaped compact set K whose radial function ρK(z, u) is continuous
with respect to u.

There is the formula for the dual quermassintegrals,

W̃n−i(K) =
1
n

∫
Sn−1

ρi
K(u)du, 0 ≤ i ≤ n.(2.1)

If K is a star body with respect to z, the following is a slight extension of the
quermassintegrals:

W̃n−r(K, z) =
1
n

∫
Sn−1

ρr
K(z, u)du, r ∈ R.

For star bodies K, L with respect to z ∈ Rn and positive numbers a, b, the radial
linear combination aK+̃bL is a star body defined by

ρaK+̃bL(z, u) = aρK(z, u) + bρL(z, u).

The volume of the radial sum aK+̃bL has the expansion

V (aK+̃bL) =
n∑

i=0

(
n

i

)
Ṽi(K, L)an−ibi.(2.2)

The coefficients Ṽi(K, L) are called the dual mixed volumes of K and L. They
satisfy the formula

Ṽi(K, L) =
1
n

∫
Sn−1

ρn−i
K (z, u)ρi

L(z, u) du.(2.3)

For the details of the theory of dual mixed volumes, see [L], [G4], [K], and [Z1].
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Theorem 2.1. Let K and L be star bodies with respect to the origin O in Rn. If
Ng is the line segment joining O and gO for g ∈ G(n), then there is the following
dual fundamental kinematic formula:∫

g∈G(n)

χ(K ∩ gL ∩Ng) dµ(g) =
1

ωn

n∑
i=0

(
n

i

)
W̃i(K)W̃n−i(L).(2.4)

Proof. Let ν be the invariant probability measure on SO(n). First, we show the
formula ∫

e∈SO(n)

Ṽi(K, eL) dν(e) =
1

ωn
W̃i(K)W̃n−i(L).(2.5)

Since SO(n) acts on Sn−1 transitively, (2.1) gives∫
e∈SO(n)

ρi
eL(u) dν(e) =

∫
e∈SO(n)

ρi
L(e−1u) dν(e) =

1
αn−1

∫
u∈Sn−1

ρi
L(u) du

=
n

αn−1
W̃n−i(L) =

1
ωn

W̃n−i(L).

By (2.3), it follows that∫
e∈SO(n)

Ṽi(K, eL) dν(e) =
∫

e∈SO(n)

dν(e)
1
n

∫
Sn−1

ρn−i
K (u)ρi

eL(u) du

=
1
n

∫
Sn−1

1
ωn

ρn−i
K (u)W̃i(L) du =

1
ωn

W̃i(K)W̃n−i(L).

This shows (2.5).
For a motion g ∈ G(n), let Q = gO. Then Q is a fixed point of gL when L is

moved by g, and Ng is the line segment OQ joining O and Q. Let dQ be the volume
element of Rn at Q. If the motion g is given by the rotation e and the translation
O → Q, then the invariant measure µ on G(n) is given by

dµ(g) = dQ dν(e).(2.6)

It is easy to see the equivalence

χ(K ∩ gL ∩Ng) = 1 ⇐⇒ Q ∈ K+̃(−eL).(2.7)

From (2.2) and (2.5)–(2.7), we have∫
g∈G(n)

χ(K ∩ gL ∩Ng) dµ(g) =
∫

g∈G(n)

χ(K ∩ gL ∩Ng) dQ dν(e)

=
∫

e∈Sn−1
V (K+̃(−eL)) dν(e) =

∫
e∈Sn−1

n∑
i=0

(
n

i

)
Ṽi(K,−eL) dν(e)

=
1

ωn

n∑
i=0

(
n

i

)
W̃i(K)W̃n−i(L).

Let K and L be star bodies with respect to the origin. There is the formula (see
[San], p. 259) ∫

g∈G(n)

V (K ∩ gL) dµ(g) = V (K)V (L).(2.8)

This formula is even true for compact sets. It is the mean value formula of the
intersection volume V (K∩gL). What is the mean value formula for the intersection
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length vol1(K ∩ gL∩Ng)? The following theorem says that it can be expressed by
the dual quermassintegrals.

Theorem 2.2. Let K and L be star bodies with respect to the origin O in Rn. If
Ng is the line segment joining O and gO for g ∈ G(n), then

∫
g∈G(n)

vol1(K ∩ gL ∩Ng) dµ(g) =
1

(n + 1)ωn

n∑
i=1

(
n + 1

i

)
W̃n−i(K)W̃i−1(L).

Proof. For a motion g ∈ G(n), let Q = gO and e be the rotation induced by g.
Then we have (2.6). We first show the formula

∫
vol1(K ∩ gL ∩Ng) dQ =

1
n(n + 1)

n∑
i=1

(
n + 1

i

)∫
Sn−1

ρi
K(u)ρn−i+1

eL (−u) du.

(2.9)

Note that the integration on the left hand side of (2.9) can be restricted to the star
body K+̃(−eL). Let

ρ = |−→OQ|, u =
1
ρ

−→
OQ,

ρM = max{ρK(u), ρeL(−u)}, ρm = min{ρK(u), ρeL(−u)}.

Then, we have

vol1(K ∩ gL ∩Ng) =


ρ, ρ ≤ ρm,

ρm, ρm < ρ ≤ ρM ,

ρm + ρM − ρ, ρM < ρ ≤ ρm + ρM .

This gives∫
vol1(K ∩ gL ∩Ng)ρn−1 dρ

=
∫ ρm

0

ρρn−1 dρ +
∫ ρM

ρm

ρmρn−1 dρ +
∫ ρm+ρM

ρM

(ρm + ρM − ρ)ρn−1 dρ

=
1

n(n + 1)
((ρm + ρM )n+1 − ρn+1

m − ρn+1
M )

=
1

n(n + 1)

n∑
i=1

(
n + 1

i

)
ρn−i+1

m ρi
M

=
1

n(n + 1)

n∑
i=1

(
n + 1

i

)
ρi

K(u)ρn−i+1
eL (−u).

Thus, we obtain (2.9) by the spherical coordinates.
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From (2.6) and (2.9), we have∫
g∈G(n)

vol1(K ∩ gL ∩Ng) dµ(g)

=
∫

e∈SO(n)

(∫
vol1(K ∩ gL ∩Ng) dQ

)
dν(e)

=
∫

e∈SO(n)

(
1

n(n + 1)

n∑
i=1

(
n + 1

i

)∫
Sn−1

ρi
K(u)ρn−i+1

eL (−u) du

)
dν(e)

=
1

n(n + 1)

n∑
i=1

(
n + 1

i

)∫
Sn−1

ρi
K(u)

∫
e∈SO(n)

ρn−i+1
L (−e−1u) dν(e)du

=
1

n + 1

n∑
i=1

(
n + 1

i

)
W̃n−i(K)

n

αn−1
W̃i−1(L)

=
1

(n + 1)ωn

n∑
i=1

(
n + 1

i

)
W̃n−i(K)W̃i−1(L).

Before considering the chord power integrals, we give more integral formulas for
the dual quermassintegrals. Let AGn−i,n be the set of (n − i)-dimensional affine
subspaces in Rn. It is a homogeneous space under the action of the motion group
G(n) (see [San], p.199). For ζ ∈ AGn−i,n, let ξ = ζ⊥, the i-dimensional subspace
orthogonal to ζ in Rn, and let Q = ξ ∩ ζ. Then ξ ∈ Gi,n, Q ∈ ξ. If dξ is the
SO(n)-invariant probability measure on Gi,n and dQ is the volume element of ξ at
Q, then

dζ = dQ dξ(2.10)

is a G(n)-invariant measure of AGn−i,n (see [San], p. 204).
For a convex body K in Rn, the Crofton-Santaló formula states that (see [San],

p. 245) ∫
AGn−i,n

voln−i(K ∩ ζ) dζ = V (K).

We give a similar formula involving dual quermassintegrals.

Proposition 2.3. Let K be a star body with respect to the origin O in Rn. If Nζ

is the line segment joining O and Q = ζ ∩ ζ⊥ for F ∈ AGn−i,n, then∫
Q∈K

ζ∈AGn−i,n

vol1(K ∩Nζ)k dζ =
αn−i

ωn
W̃n−i−k(K), i + k ≥ 0.

Proof. From (2.10), we have∫
Q∈K

ζ∈AGn−i,n

vol1(K ∩Nζ)k dζ =
∫

Q∈K∩ξ
ξ∈Gi,n

vol1(K ∩Nζ)k dQdξ

=
∫

u∈Sn−1∩ξ
ξ∈Gi,n

ρk+i
K∩ξ(u) dudξ =

αi−1

αn−1

∫
Sn−1

ρk+i
K (u) du

=
nαn−i

αn−1
W̃n−i−k(K) =

αn−i

ωn
W̃n−i−k(K).
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Let SL(n) be the special linear group. It acts on Rn − {O} transitively. If
A(n, n− 1) is the set of hyperplanes that do not go through the origin, then it is a
homogeneous space under the action of SL(n). For ζ ∈ A(n, n−1), let Q = ζ ∩ ζ⊥,
Nζ be the line segment joining O and Q, r be the length of Nζ, and u = 1

r

−→
OQ. The

space A(n, n − 1) has an SL(n)-invariant measure which can be expressed as (see
[San], p. 185)

dζ = r−n−1 drdu,(2.11)

where dr and du are the Lebesgue measures on R and Sn−1 respectively.

Proposition 2.4. Let K be a star body with respect to the origin O in Rn. If Nζ

is the line segment joining O and Q = ζ ∩ ζ⊥ for ζ ∈ A(n, n− 1), then∫
Q∈K

ζ∈A(n,n−1)

vol1(K ∩Nζ)k dζ =
n

k − n
W̃2n−k(K), k > n.

Proof. From (2.11), we have∫
Q∈K

ζ∈A(n,n−1)

vol1(K ∩Nζ)k dζ =
∫

Sn−1

(∫ ρK(u)

0

rk−n−1 dr

)
du

=
1

k − n

∫
Sn−1

ρk−n
K (u) du =

n

k − n
W̃2n−k(K).

Corollary 2.5. Let K be a star body with respect to the origin O in Rn. If Nζ is
the line segment joining O and Q = ζ ∩ ζ⊥ for ζ ∈ A(n, n− 1), then∫

Q∈K
ζ∈A(n,n−1)

vol1(K ∩Nζ)2n dζ = V (K).

3. Kinematic formulas of chord power integrals

Let K be a convex body in Rn, and let ξ1 be a random line intersecting K.
Denote by σ the chord length of the intersection K ∩ ξ1, σ = vol1(K ∩ ξ1). The
chord power integrals of K are defined by

Im(K) =
2αn−1

n

∫
K∩ξ1 6=∅

σmdξ1, 0 ≤ m < ∞,(3.1)

where dξ1 is the normalized invariant measure of the affine Grassmann manifold of
lines, AG1,n. Note that the normalization says that∫

Bn∩ξ1 6=∅
dξ1 = ωn−1.

There are several interesting integral formulas for the chord power integrals (see
[San]):

I0(K) =
ωn−1

n
S(K),

I1(K) =
αn−1

n
V (K),

In+1(K) = (n + 1)V (K)2.(3.2)
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The chord power integrals are connected with another set of integrals Jm(K)
given by

Jm(K) =
∫

x,y∈K

rmdxdy,(3.3)

where r is the distance between the points x and y. There is the following formula
between Im(K) and Jm(K):

Im(K) =
m(m− 1)

n
Jm−n−1(K), m > 1.(3.4)

When m = n + 1, (3.4) yields (3.2). See [San], p. 238.
The chord power integrals are also connected with the dual quermassintegrals.

Lemma 3.1. Let W̃n−k(K, z) be the (n− k)th dual quermassintegral of the convex
body K with respect to the point z in Rn. Then

Ik+1(K) = (k + 1)
∫

z∈K

W̃n−k(K, z) dz, −1 < k < ∞.(3.5)

Proof. Let ξ∗1 be an oriented line whose direction is u ∈ Sn−1. Let z be a point in
the convex body K. Denote by t the distance of z to the boundary of K along the
direction u. Suppose that ξ∗1 passes through z. Then dξ∗1dt = α−1

n−1dzdu (see [San],
p. 207). Multiplying both sides by tk and integrating over K, we have∫

K∩ξ∗1 6=∅

(∫ σ

0

tkdt

)
dξ∗1 = α−1

n−1

∫
z∈K

(∫
Sn−1

tkdu

)
dz.

This gives
1

k + 1

∫
K∩ξ∗1 6=∅

σkdξ∗1 = nα−1
n−1

∫
z∈K

W̃n−k(K, z) dz, −1 < k < ∞.

When k = n, formula (3.5) gives the Crofton-Hadwiger formula (3.2).
The chord power integrals are surprisingly related to the integrals of square of

volumes of higher dimensional sections of convex bodies. Let ξk be a k-dimensional
plane in Rn, and let dξk be the invariant measure of the affine Grassmann manifold
AGk,n. When restricted to Gk,n, dξk|Gk,n

= dξ◦k is the invariant probability measure
on Gk,n.

Proposition 3.2. Let K be a convex body in Rn. Then

Ik+1(K) =
2(k + 1)ωn

ωk

∫
K∩ξk 6=∅

volk(K ∩ ξk)2dξk.

Proof. Let z be a point in K. Suppose that ξk passes through z. Denote by dz the
volume element of Rn at z, and denote by dz(k) the volume element of ξ at z. Then

dz(k)dξ∗k = dξ◦kdz.

See [San], p. 207. Multiplying both sides by volk(K ∩ ξk) and integrating over K,
we obtain∫

K∩ξk 6=∅

∫
z∈K∩ξk

volk(K ∩ ξk) dz(k)dξ∗k =
∫

z∈K

∫
ξ◦k∈Gk,n

volk(K ∩ ξk) dξ◦kdz,

2
∫

K∩ξk 6=∅
volk(K ∩ ξk)2 dξk =

ωk

ωn

∫
z∈K

W̃n−k(K, z) dz.

We complete the proof by Lemma 3.1.
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The last proposition was proved first in [Z2] by a different method. See [R1],
§7.5.4, for more and related results.

Theorem 3.3. Let K and L be convex bodies in Rn, and let x and y be random
points in K and L, respectively. If Ng is the line segment joining x and gy for
g ∈ G(n), then∫

x∈K,y∈L
g∈G(n)

χ(K ∩ gL ∩Ng) dµ(g)dxdy =
1
ωn

n∑
k=0

(
n

k

)
In−k+1(K)Ik+1(L)
(n− k + 1)(k + 1)

.(3.6)

Proof. Integrating the dual fundamental kinematic formula with respect to x and
y, we have ∫

x∈K,y∈L
g∈G(n)

χ(K ∩ gL ∩Ng) dµ(g)dxdy

=
1
ωn

n∑
i=0

(
n

i

)∫
K

W̃i(K, x) dx

∫
L

W̃n−i(L, y) dy.

From this and Lemma 3.1, we obtain (3.6).

Similarly, from Theorem 2.2 and Lemma 3.1, we obtain

Theorem 3.4. Let K and L be convex bodies in Rn, and let x and y be random
points in K and L, respectively. If Ng is the line segment joining x and gy for
g ∈ G(n), then ∫

x∈K,y∈L
g∈G(n)

vol1(K ∩ gL ∩Ng) dµ(g)dxdy

=
1

(n + 1)ωn

n∑
k=1

(
n + 1

k

)
In−k+2(K)Ik+1(L)
(n− k + 2)(k + 1)

.

4. Applications to geometric probability

Consider two random convex bodies in Rn which have nonempty interestion. In
general, the union of the two convex bodies is not convex. How close is the union
to be convex? To be precise, one can let one convex body be fixed but another
convex body intersect with the fixed body randomly. Let K be a fixed convex body
and L be a random convex body in Rn satisfying K ∩L 6= ∅. Choose points x ∈ K
and y ∈ L randomly. What is the probability that the line segment joining x and y
is contained in the union K ∪ L? Denote by pn(K, L) this conditional probability.
From (1.1) and (1.3), we have

pn(K, L) =

∫
x∈K,y∈L
g∈G(n)

χ(K ∩ gL ∩Ng) dµ(g)dxdy∫
x∈K,y∈L
g∈G(n)

χ(K ∩ gL) dµ(g)dxdy

=

n∑
k=0

(
n

k

)
In−k+1(K)Ik+1(L)
(n− k + 1)(k + 1)

n∑
i=0

(
n

i

)
Wi(K)Wn−i(L)V (K)V (L)

.(4.1)
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Theorem 4.1. If K and L are convex bodies in Rn with the same volume, then

pn(K, L) ≤ pn(Bn, Bn) =
4

ω2
n

n∑
k=0

(
n

k

)
ω2n−kωn+k

αn−kαk
,(4.2)

with equality if and only if K and L are congruent balls.

proof. To show (4.2), we need two sets of inequalities. One is the generalizations
of the isoperimetric inequality.

Wk(K) ≥ ωn

(
V (K)

ωn

)n−k
n

, 0 ≤ k ≤ n.(4.3)

See [Sch], p. 334. Another is the isoperimetric-type inequalities of chord power
integrals.

Ik+1(K) ≤ Ik+1(Bn)
(

V (K)
ωn

)n+k
n

, 0 ≤ k ≤ n.(4.4)

The 2-dimensional case of the inequalities of chord power integrals is due to Blaschke
(see [San], p. 238). The 3-dimensional case is due to Wu (see [R1], p. 215). The
n-dimensional case is proved by Ren [R2] (see [R1], §7.5.3).

The chord power integrals of the unit ball Bn are given by

Ik+1(Bn) =
2k+1ωnωk+n

ωk+1
.(4.5)

See [R1], pp. 220 and 227, and [Z2]. Since the probability pn(K, L) is invariant
under the dilations of convex bodies, that is, for any λ > 0, one has

pn(λK, λL) = pn(K, L),

we can assume that V (K) = V (L) = ωn. Therefore, (4.1), (4.3) and (4.4) give that

pn(K, L) ≤ 1
ω4

n2n

n∑
k=0

(
n

k

)
In−k+1(Bn)Ik+1(Bn)
(n− k + 1)(k + 1)

.

From the last inequality and (4.5), we obtain (4.2).

One can rewrite the maximum pn(Bn, Bn) in terms of Gamma functions.

pn(Bn, Bn) =
1
π

Γ
(n
2

+ 1
)2 n∑

k=0

(
n

k

)
Γ
(

n−k+1
2

)
Γ
(

k+1
2

)
Γ
(
n− k

2 + 1
)
Γ
(

n+k
2 + 1

) .
From this, it is very easy to compute special values of the maximum. The values

approach to zero as the dimension becomes large.
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